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Introduction
Water-in-oil emulsions are readily formed during the production of crude oil and cause detrimental problems at several stages of production [1] . The slow rate at which the dispersed phase naturally settles down from such emulsions has a significant influence on the oil industry [1, 2] . Moreover, crude oil contains resins, asphaltenes, and paraffins, which stabilize the emulsion as they act as surfactant, causing a much more difficult oil-water separation [3] . Therefore, methods that allow efficient removal of a dispersed water phase from a continuous oil phase are highly desirable and will have remarkable economic benefits for the oil industry. Several techniques [4] [5] [6] [7] [8] are utilized to enhance the separation of water-in-oil emulsions. Electrostatic demulsification is one of the most effective and widely utilised methods [3, 9] . The state of understanding of the electrocoalescence has recently been reviewed by
Mhatre et al. [10] . An externally applied electric field can accelerate drainage of the oil film between two coalescing water droplets to promote the process of coalescence and separation of water from oil [10, 11] . However, Mousavi et al. [12] [13] [14] reported that partial coalescence could occur when the electric field intensity was excessively high or droplets were large. Moreover, excessively high electric field intensity results in the formation of Taylor cones, causing electro-spraying, which has adverse effects on the separation efficiency of water droplets from the oil.
Droplet deformation in the presence of an externally applied electric field is very common in many industries, including electrospining [15] , electrospraying [16] and electrowetting [17] , etc. A good number of experimental and numerical works have been conducted on droplet deformation under an electric field [18] [19] [20] [21] [22] [23] [24] . Taylor [25] proposed an electrohydrodynamic model, generally referred as the "leaky dielectric model", for droplet deformation, with the assumptions of neutral droplets, quasi-static electric field, small deformation, and free convection charge. The model fitted well with the experimental results at small deformations, while deviations occurred when the droplet deformed extensively [26] . Recently, Teigen et al. [27] also adopted the "leaky dielectric model" to investigate the influence of surfactant on drop deformation, which shows that the presence of surfactant can either increase or reduce the deformation, depending on the shape of the deformation and the direction of the electrically induced circulation. Moreover, a number of new models have been proposed over the past decades [26, 28, 29] . Most recently, Vivacqua et al. [18] proposed a linear dynamics model under pulsatile fields with various waveforms as forcing terms, namely half-sinusoidal, square and sawtooth waves. They reported that the droplet deformation was affected by the electric field type stimulus. Moreover, their results illustrated that the droplet deformation follows a pattern of driven damped harmonic oscillator, with the damping ratio and dimensionless eigen frequency depending on Ohnesorge number and Weber number, respectively.
Numerical simulations of droplet behaviour have been carried out to describe the droplet interface explicitly and implicitly by using interface tracking and interface capturing methods, respectively. In the former, discrete points are tracked on the interface surface, including front tracking method and boundary integral method [30] .
However, these methods are not straightforward because surface-marker points are usually needed to track the droplet behaviour, such as deformation and coalescence.
On the other hand, the implicit methods, Level-Set, Volume of Fluid (VOF) and Phase-Field, are better suited to the calculation of large topological deformations [31] .
The interface is modelled by an additional transport equation and treated as a material line propagating with the fluid [31] . Vivacqua et al. [32] investigated the coalescence of a water drop in a dieletric oil phase at the oil-water interface under a constant electric field by the Level-Set method. They reported the effects of some input parameters, including the mesh size, interface thickness, re-initialization parameter, droplet size and water conductivity, on the model prediction. Their simulation work showed a good agreement with the experimental work conducted by Mousavichoubeh et al. [14] , predicting that the partial droplet coalescence is mainly regulated by a combination of the electrical Weber number and Ohnesorge number. He et al. [23] investigated the transient response of droplet deformation in a constant electric field by the Level-Set method as well, showing good agreement with the experimental work. Bjørklund [33] studied droplet breakup and drop-drop coalescence due to the electrically induced forces by a combination of the Level-Set method and the Ghost-Fluid method. His work showed that the Level-Set method is capable of modelling the droplet dynamics before, during, and after coalescence of droplets.
Lopez-Herrera et al. [34] conducted numerical simulations on two-phase electrohydrodynamic problems by VOF method. Their simulation work accurately predicted the time evolution of charge distribution and droplet deformation. A number of simulation studies [35] [36] [37] [38] [39] have been conducted on droplet deformation. However, most of the investigations are focused on steady electric field, and very few papers address the effect of pulsatile electric fields on the deformation process. The aim of this work is to provide a mathematical description of droplet deformation under pulsatile electric fields in the case of half-sinusoidal, square and sawtooth waves. For this purpose, a finite element approach combined with the Level-Set method [39] is adopted to analyse the process of droplet deformation. The present study reports the effects of key factors, including externally applied electric field type, electric field intensity, electric field frequency, droplet size, surface tension and bulk phase viscosity.
Model description
The computational model uses a 2-D axisymmetric domain and schematically shown in Fig. 1(a) . A close-up of the domain near the oil-water interface is shown in Fig. 1(b) to show the quality of the mesh generated with hmax/D=0.03, where hmax is the maximum mesh element size and D is droplet diameter. The boundary conditions used in this paper are as follows: the upper boundary is with a pulsatile electric potential (U(t)), while the opposite one is kept earthed and both boundaries have no-slip conditions; the right boundary is a slip one (u·n=0), as this allows significant reduction of the simulation domain. The Bond number Bo= gr 2 / <<1, where r is droplet radius, which means that the body force is much smaller compared to surface tension force. Therefore, the gravitational effects are neglected in this paper.
Moreover, the droplet is considered as a conductor so that the electric field inside it can be ignored; the electrokinetic effects are also neglected as the droplet net charge is zero.
The Level-Set method is employed to track the boundaries between continuous oil phase and dispersed water phase. The location of interface is obtained by solving the transport equation of the Level-Set function , described by =0.5 [23, 32] . The evolution of the boundary is given by Eq. (1), first proposed by Olsson and Kreiss [40] .
where u is fluid velocity, is a smooth step function which varies from 0 to 1, is a re-initialization parameter, which gives stability to the solution and is related to the interface thickness.
The interface is modeled as a diffuse boundary. A preliminary step computes the distance between the initial interface and the nodes of the computational domain, Dsi.
The initial condition for the time dependent study is then calculated as:
The positive sign is used in Eq. (2) for points initially inside the interface, whereas the minus sign applies to the domain outside the interface. The interface is described by the Level-Set = 0.5. The variable increases to 1 and decreases to 0 exponentially outside and inside the droplet, respectively.
We follow the approach of Vivacqua et al. [32] , coupling Eq. (1) with the Navier Stokes equations for the flow and Laplace equations for the electric field. The capillary and electrostatic forces are also included in the Navier Stokes equations shown as follows.
where p is the fluid pressure, F is the interfacial force of oil and water phase, FE is the electric force, w is water phase density, o is oil phase density, w is water phase viscosity and o is oil phase viscosity.
The interfacial force (F ) is calculated as derived by:
where is the surface tension coefficient, I is the identity matrix, n is the interface normal, and is a smooth approximation of the Dirac function. n and are obtained by calculating Eq. (8) and (9), respectively:
The electric force is obtained from the divergence of the Maxwell stress tensor:
where E is the electric field intensity, w is water phase permittivity, o is oil phase permittivity. E can be determined by solving the charge conservation equation:
where w is water phase conductivity, o is oil phase conductivity.
In this approach, the Level-Set function is initialized as a distance function [41] as is shown in Eq. where the simulation run successfully. However, we find that does not bring about appreciable changes on the calculation of deformation and hence we adopt =1 m/s for the rest of the calculations.
The interface thickness is determined by the parameter through Eq. (2).ξ describes the rapidity by which the Level-Set function varies with the distance of the domain points from the 0.5 Level-Set iso-contour. The sensitivity of the result to is also tested in the range /D=0.018-0.022. Outside this range convergence problems were experienced, so /D=0.020 was used for all calculation.
Experimental set-up
The experimental cell [14, 42] is made of Perspex to facilitate visualization of deformation process ( properties of the sunflower oil/water emulsion, as measured by Mousavichoubeh et al. [14] , are shown in Table 1 . For electrocoalescence the dispersed aqueous phase should have electrical conductivity and permittivity significantly higher than those of the continuous phase (dielectric oil). According to the parameters shown in Table 1 , the system of interest (i.e. deionised water droplets in sunflower oil) satisfies the above criterion. Water droplets are introduced into the cell through a hole in the centre of the high voltage electrode by a Hamilton micro-litre syringe.
The droplet deformation ratio, DR, is defined by Eq. (13):
where A and B are the axis lengths of the elliptic droplet which are parallel and perpendicular to the direction of the externally applied electric field, respectively. A positive DR represents a deformation to a prolate shape (parallel to the electric field direction), while a negative DR to oblate shape (perpendicular to electric field direction) (Fig. 3) .
Results

Experimental validation
The experimental and numerical conditions are as follows: electric field strength:
E= 533 V mm -1 ; droplet diameter: D= 1.196 mm and 2.8 mm, respectively; electric field type: half-sinusoidal, square and sawtooth waves, respectively; the interfacial tension between deionized water and sunflower oil is =0.025 N m -1 , as given by Mousavi et al [13] . The relative difference between experimental measurements and simulation results is given by following the approach of Berg et al. [43] , where DRe is experimental deformation ratio and DRs is numerical deformation ratio. The experimental and simulated deformation ratios are compared in 
Effect of electric field frequency
We define a dimensionless time as:
T=tf (15) where f is the frequency of the applied electric field. The deformation ratio is shown as a function of tf (T) for the three wave forms at 10, 50 and 500 Hz in Fig. 5 . At low frequencies (f 10 Hz), the droplet deformation follows the forcing function as the time to reach stationary shape is short as compared to the electric field half period.
The droplet with half-sinusoidal wave has the minimum negative deformation (oblate form), while square and sawtooth waves have similar deformation extent in this region. The reason for the difference in the extent of deformation between the three wave forms might be that the electric stress vanishes very fast for square and sawtooth waves. The interface acceleration, resulting from surface tension, is larger than that of half-sinusoidal waves, accounting for larger interface velocity.
At 50 Hz, the deformation phase is delayed. In the case of the square wave, in the region where the electric field is steady, the deformation is not stable. At 500 Hz, the droplet deformation loses the electrical forcing pattern completely. It increases gradually first and then decreases to a quasi-steady state with slight fluctuations. This is because, increasing the frequency, a point is reached where the period of the electric field becomes shorter than the mechanical relaxation time and hence the frequency of droplet oscillation can no longer follow the field frequency [12] . At a high frequency (f 500 Hz), the deformation process is similar to the pattern of constant electric field [44] . Lesaint et al. [45] reported that the root mean square (RMS) of the electric field can represent the effectiveness of different electric field waveforms. The theoretical RMS values of the electric field of the three waveforms used here are shown in Table 2 , according to which, droplets under half-sinusoidal and square waves should have similar deformations, whereas the sawtooth wave should produce smaller deformations. A similar pattern prevails in Fig. 5 , particularly notable at 500
Hz. Moreover, the deformation values should be the same as that of the constant field if RMS values of different waveforms are considered. This is quantitatively verified and shown in Fig. 6 . Here the RMS values of the deformation ratio, taken as the deformation ratio multiplied by the relevant RMS factor, are plotted as a function of time for the constant, half-sinusoidal, square and sawtooth waveform electric fields.
On the application of the electric field an overshoot occurs in the droplet deformation, but for all the three wave forms a constant asymptotic value of deformation ratio is obtained which is nearly coincident with the constant electric field.
Discussion
The trends of literature data can now be compared with the simulation work presented 
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, is lower than one. As the Ohnesorge number is decreased to very low values in the case here around 0.0578, the oscillation amplitude becomes very large. This is undesirable as it would lead to droplet disintegration. Fig. 7 also shows that the oscillation amplitudes are negligible at high frequencies (f >500 Hz). Low oscillation amplitudes are likely to suppress the occurrence of secondary droplets [18] . In addition, it is seen in Fig. 5 that high frequencies have lower deformation ratio. Therefore, at high frequencies, droplets are more stable, accounting for decreasing volume fraction of secondary droplets formed due to partial coalescence experimentally obtained by Mousavichoubeh et al. [12] .
Stronger electric fields can therefore be applied to the water-in-oil emulsions at high frequencies. However, some oscillatory behaviour can be beneficial in weakening the stability of the interfacial film during drop-drop coalescence, as it is also claimed in commercial electrocoalescers [10] . These devices, however, operate in the kHz range of frequency, where no oscillation probably occurs.
The current state of understanding [14, 18, 20] points to two dimensionless groups, the electrical Weber Number, 2 0 We = oil ED   , accounting for the extent of deformation under an electric field, and Ohnesorge Number accounting for the rate of deformation. The deforming process is a competing process between the electrostatic stress and interfacial tension, and its deformation rate is affected by the bulk viscosity.
Therefore, the coupling effects of We and Oh on DR can be described with the following combination of these two dimensionless numbers: 
The RMS value of the maximum deformation ratio DR as a function of We/Oh is shown in Fig. 8 , where a linear trend is observed at low frequencies (10 and 20 Hz) with data overlapping for all the waveforms. However, at frequencies of 50 and 100
Hz, the variation of the deformation ratio versus We/Oh becomes non-linear. At 200
Hz and above the deformation varies again linearly with We/Oh. These results can be interpreted in the light of the time ( ) required for the droplet to reach its stationary shape, having gone through the oblate shape form transformation. This is obtained by applying a single step change in the electric field and calculating the time interval necessary for the droplet to reach a zero deformation value after the first stage of passing through an oblate shape, as shown in Fig. 9 . For a range of bulk viscosities (46.5-120.0 mPa s), surface tensions (0.016-0.035 N/m) and droplet sizes (0.576-2.800 mm) as given in Table 3 , time to reach stationary shape ( ) follows a functional relationship with the dimensionless group D/ , as shown in Fig. 10 . This implies that at low viscosities, the droplet can respond to high frequencies, i.e.
deforming and assuming a shape as shown in Fig. 5 (a) & (b) for which is shorter than the electric field half period. In contrast, at high viscosities, increases and the droplet can no longer respond to a high frequency variations of the electric field as shown in Fig. 5 (c) . The ratio of electric half period and is shown in Table 4 , which
shows that, at low frequencies (f≤20 Hz), the electric field period is longer than or close to at the investigated We/Oh numbers, so that the process is independent of the electric field frequency. At 50 Hz, the ratio of electric field period and is close to 1 at low We/Oh numbers, while it decreases remarkably at high We/Oh numbers, resulting in a reduction of deformation. At high frequencies (f≥200Hz), the electric period is much shorter than for all We/Oh numbers, and the deformation becomes again insensitive to the applied electric frequency. It is noteworthy that whilst the ratio We/Oh describes well the deformation behaviour, the mechanism of secondary droplet formation is, in contrast, better described by the product of the Weber number and
Ohnesorge number, as shown previously by Mousavichoubeh [14] . This suggests that once the droplet is ruptured, other electromechanical mechanisms become operative.
Further work is needed to analyse the secondary droplet formation by the above approach to elucidate the exact role of various mechanisms in secondary droplet formation.
Conclusions
Droplet deformation in the presence of externally pulsatile electric fields, namely, half-sinusoidal wave, square wave and sawtooth wave, has been analysed with Table 3 . 
